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1* Introduction gad Stannary. 

Consider a random sample of sis* a tak«n from a continuous 

distribution f(x). Let another random sample, independent of the first 

sample and also of size a, be drawn from the same population. Let V0, be 
"* r 

the random variable associated with the number of values in the second 

sample which exceed the rth smallest value in the first sample. Similarly 

let v  be the random variable associated idth the number of values in the 
s 

second sample -which exceed toe sth Largest value in the first sample.   Due 

to the fact that the rth smallest value in a sample of s:?.zo n is at s'"« 

same tins the sth largest value in the sample Kith s • u-r+1. it follows 

that 

(1) ftf(U- • x) • Pr(v   » x), where s • n-r*l, r » 1, 2, ..., a, and 

X *  *Jp   J>£   i|   «• +1   O* 

The probability distribution of \SZ   (and hence of 71)    is givsn by; 

(2) Pr(t£ - x) - <""££*>• ("T** / &>   * m °» *> *> —# n- 

Formula (2) can be proved by combinatorial methods.   Details are left to 



the x«adex.    An eltwsstlve formula, derived in another ray, 13 ^.-.rr. in 

[1].   If the value* of   ?r(uj {x), for x • 0, 1, 2,  ..., n-1^ v * 1(1 }n, 

are written (for fixed n) in matrix form, one notes certain useful symmetrlee, 

wh\ch can be expressed by the following identities 

(3) Pr(0y ^x) « Pr(U* <r-l) 

and 

(l) Pr(t£ < x) • Pr(U^x <  n-x-1) - 1. 

If one takes x • n-r in (li) and uses the relation (3), it is readily 

verifioo that 

(5) Pr(Uy < n-r) - 1/2. 

(2) 
Proofs   of (3), (h),  and (5) can be obtained by using the results of 

pages 2^7-258 of [1]. Because of these symmetries, the complete matrix can 

(for any fixed r) be constructed if one knows only the quantities, 

Pr(uJ< x), r - l(l)[n/2j, * * r-1, r, r*l, ..., n-r-1. In Table 1 these 

values are given for n • 2(1)20(5)50. To see how the complete matrix is 

obtained from Table 1, it is interesting to verify using (3), (It), and (5) 

that the complete matrix is, in the special case n • 5, given hyt 

(1) Pr(u*{ n) » 1 for any n and any r. 

(2) T7e wish to acknowledge with ttauJcs a communication from Dr. £. J, Oumbel 
on this point. 

(3) Toe case where the two samplos may be of unequal aize is of practical 
Importance.   Formulae for this ease and tables for selected pairs of 
unequal values of the sample size will appear in a subsequent report. 

• 



r* 0 l 2 3 k 

1 .0*397 •0238 .0833 •2222 •5ooo 

2 .0238 .1032 .2619 .5000 .7778 

3 .0633 .2619 .5000 .7381 .9167 

l .2222 .5000 .7381 .8968 .9762 

5 .5ooo .7778 .9167 •?762 .92303 

Table 2t Valuas of Pr(0* £x) 

1 somewhat different, but related exoeedance problem, is to takr* 

two random samples of six* n frost a continuous distribution f (x) • Lot UB 

for convenience attach tba letter x to one of the oauples and the letter 

y to the other sample. Further 1st x  and 7   be respectively the rth r,n r,n 
saallest observations in each of ths samples.   Let us define 

S_ • aax(x     » y„ „)•   If   •_ _ " X.   » count the number of y«s which are ,n r,n     *»n *»*•       *#** 

9z     i    if *       «y     . count the number of x's which are 'P 7 . '   TJC? r,n    *T,tf r,n 
Dene Ing the number of axcoedanoes as   w , it is readily seen froxa (1) 

w 
that the probability distribution of   lj   is given by 

(6) P*0£ - x) - ZC^1) <*•£*>/<*>•   x - 0,1.2,-.., n-r. 

It is evident from the definition that, 

(7) Pr(lJ £ *) * 1* *o* * * »• 

Clearly om can find the values of   PrCw^i x) by using Table 1.   Thus., 

(li)   Since f(x) is continuous, it Is assumed that   Pr(x_     • y     ) • *,u       r,n 0. 



o.g., la the special case a " $ one gew 

r 0 1 2 3 1» 

1 »0279Ji .01*76 .1667 • .«4 1.0000 

2 .01*76 .2061* .5238 1.0000 

3 .1667 .5238 1.0000 

U .UM 1.0000 

5 1.0000 

Table 3l  PT(l^^x) 

2. Applications of Kxcoodanca Theory;, 

There are three principal uses of exceedance theory. These ares 

(a) floods &nd djaaghjjs. This theory has been used by H. A. Ihonas, Jr. [h] 

in making predictions about the occurrences of floods and droughts in the 

future on the basis on •what is known from past data. 

(b) Kon~paraaetric teats for slippage. The functions IT, V* and V* 

can be used to give two-sample non-parametric tests for slippage of the 

mean. There are close connections between the results in this paper and 

recent tests for slippage by Ifcsteller and Tukey [2,3]. 

(o) Life Testing. It is a characteristic feature of life tests that data 

become available in order of else. Thus it becomes yry natural to apply 

exceedance theory, which Is based purely on order statistics. Sy so doing 

it is posslVie in many eases to shorten both the average time and average 

number of items destroyed in order to reach a decision as to whether or not 

the items in one population are In some sense superior to the Items In 

another population. 



3»    Numerical fcxagploa 

Example It    What is the probability that the tldrd largest flood 

during the past 20 yoars will be exceeded at least once during the next 20 

,v^ars?    Answer.    The probability is p »l-Pr(V-    - 0) - l-Pr(D^g • C) 

« 1-.U5L - .88246. 

Eawnile 21   During a period of 20 year    the lowest observed annual 

rainfall in a certain locality nas 8.6 iiivhes.    1Qi«t is the probability that 

in the next 20 years at least two of the   years ha70 rainfall   ^   8.6 inches? 
20 Answer.    The probability is   p • Pr^   «£ 18) • .2ii36. 

Ex? pie 3»    (a one-sided test) 
TIT I - ~ I * * 

We are now interested in asking a choice between two lots A and B. 

In particular we are interested in some characteristic such as life or 

strength whsra data become available in order of magnitude. Lot it be known 

a priori that the probability density function associated with lot B is 

either the same as that of lot A or is displaced to the left (e.g., Is 

inferior). Put in another way we are thinking of a case where the only 

relevant parameter is some measure of slippage. We wish to test the hypo- 

thesis U (no displacement) against the alternative H. (B is displace to 

the left of A). The Type 1 error is taken to be { .05. Let 10 Items be 

drawn from each of the lots and placed on life test. It is decided in 

advance that a decision will be based on how many failures occur in the 

sanple from B before the second failure occur* in the aanplo from A. The 

two samples are put on teat simultaneously and one gets the following 

pattern (g denotes a failure In the sample drawn from A, b denotes a failure 

in the senple drawn from B)t bbbabbb...  The experiment is stopped at the 

seventh failure with the rejection of the null hypothesis. This Is because 

Pr(uJ°< i) - .0286 <.05. If, hor.-ever, we had obtained a pattern like 

babba...  we would have stopped experimentation after the iifth failure with 

the acceptance of H „ 



6 

Example ki    (two-s~d<id tost). Given tt.o lots A and E. V.e rish 

to test the null hypothesis that the life distribution of A and 3 are the 

earn against the alternative that they are different. As in example 3 let 

10 items be drawn at random from each of the two lots and placed on life 

test. It is decided in advance that our decision will be based on the 

statistic  !£ • Suppose e.g., the failure pattern observed is aaaaabaa... , 

then the experiment would be terminated on the eighth trial with the rejection 

of the null hypothesis (on the .05 level of significance). This is because 

Pr(*T { 3) • .0198. On the other hand a pattern like babba... would lead 

to acceptance of the null hypothesis on the fifth trial. 

It might be remarked that fairly extensive random sampling experi- 

ments have shown that the statistics YiT , TBL , and Y.'i  are more effective 

than *hn run test and somewhat less effective than the T.'ilcoxon rank test 

for detecting slippage of the moan in the ease where the underlying distri- 

butions are normal, all with the same variance. Since the Improvement in 

power obtained by using W£  or lj  rather than n-  is inor in this 

ease there are sound practical reasons for preferring WT • Decisions 

based on this statistic can be made at a great saving in average time to 

decision as well as average number of iteas destroyed. It should be noted 

10 
in Example k that if decisions were based on flu , wo would have truncated 

testing on the fifth trial with the rejection of H since Pr(«J0.^ 5) - .0325. 

A detailed discussion of the points raised in the last paragraph 

will appear elsewhere* 

U* Acknowledgement. 

We wish to thank John Lay for his work in computing the tables. 
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